It is conjectured by de Jong that, if X is a connected smooth projective variety over an algebraically closed field k of characteristic p > 0 with trivialétale fundamental group, any isocrystal on X is trivial. We prove this conjecture under two additional assumptions.
Introduction
On a connected smooth variety X of finite type defined over an algebraically closed characteristic p > 0 field k, theétale fundamental group πé by definition, ℓ-adic lisse sheaves are defined as the Q-linearization of prosystems of Z/ℓ n Z-representations, and thus in particular, if πé t 1 (X) = {1}, then ℓ-adic lisse sheaves are trivial.
The question of which category is controlled by theétale fundamental group is in fact much elder, and comes from complex geometry.
If k is the field of complex numbers C, Malčev [Mal40] and Grothendieck [Gro70] proved that if πé t 1 (X) = {1}, then there are no non-trivial complex linear local systems of finite rank on X, thus, via the Riemann-Hilbert correspondence, no nontrivial O X -coherent D X -modules (with regular singularities at infinity in case X is not proper). Although the proof of this theorem strongly uses complex topology, in the form that πé t 1 (X) is the profinite completion of the topological fundamental group, which ultimately relies on the Riemann existence theorem, the assertion itself does not, and is purely algebraic.
This leads to the question of an analog over an algebraically closed characteristic p > 0 field k. We know that O X -coherent D X -modules in characteristic 0 are crystals of finite presentation in the infinitesimal site [Gro68] . In characteristic p > 0, there are (at least) two analogs of the infinitesimal site. One is the infinitesimal site. Then crystals of finite presentation on it are the same as O X -coherent D X -modules. This is a k-linear Tannaka category. Its Tannaka group surjects to theétale fundamental group. Another one is the crystalline site over W , the ring of Witt vectors of k. Then crystals of finite presentation on it are what one usually calls crystals [Ber74, IV] . The isocrystals are then defined as the Q-linearization of the crystal category. This is a K-linear Tannaka category, where K is the field of fractions of W . Again, its Tannaka group surjects to theétale fundamental group. See Section 1 for the precise definitions.
In 1975 Gieseker [Gie75] conjectured that on a connected smooth projective variety X over an algebraically closed characteristic p > 0 field k, then πé t 1 (X) = {1} implies that there are no non-trivial O X -coherent D X -modules. This was answered positively in [EM10, Thm. 1.1]. One important ingredient of the proof is Katz' equivalence of categories [Gie75, Thm. 1.3] equating O X -coherent D X -modules with Frobenius divisible O X -coherent sheaves. It implies in particular that their Chern classes vanish. Another one is the existence of quasi-projective moduli for χ-stable sheaves due to Langer [Lan04b, Thm. 4 .1]. Once one can reduce the problem to stable sheaves, one considers the moduli points of all Frobenius divisions of one given O X -coherent D X -module in the same moduli space of torsion free O X -modules with vanishing Chern classes.
After [EM10] , de Jong conjectured in 2010 that the other analogy is true: on a connected smooth projective variety X over an algebraically closed characteristic p > 0 field k, then πé subcategory of convergent isocrystals, as defined by Ogus in [Ogu84, Defn. 2.7], on which the Frobenius induces an equivalence (see Proposition 2.3). Moreover, as the direct image by a finiteétale cover of a convergent isocrystal is convergent ( [Ogu84, III] ), the surjection from the Tannaka group of isocrystals to theétale fundamental group factors though the Tannaka group of convergent isocrystals. Thus it is meaningful to restrict de Jong's conjecture to convergent isocrystals.
Our main result is
Theorem 0.1. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Then
(1) any convergent isocrystal which is filtered so that the associated graded is a sum of rank 1 convergent isocrystals, is trivial;
(2) if the maximal slope of the sheaf of 1-forms on X is non-positive, then any convergent isocrystal is trivial.
We refer to Theorem 2.7 (1) and Corollary 2.8 for this formulation. The theorem is much more precise. In (2), positive slopes of the sheaf of 1-forms on X are allowed, how positive is prescribed by the maximal rank of the irreducible summands of the associated graded of a filtration of the convergent isocrystal. See Theorem 2.7 for a precise formulation. Moreover, in rank 1, not only convergent isocrystals are trivial, but also all isocrystals when p ≥ 3 (see Propositions 2.9, 2.10).
We now explain the main ideas of the proof. Convergent isocrystals are Frobenius divisible, but crystals in one isocrystal class are not. One nonetheless proves in Proposition 3.1 that the Chern classes of the value on X of a crystal over W depends only on its isocrystal class, and are vanishing. If one assumes in addition that it is χ-semistable, that its graded quotients associated to its Jordan-Hölder filtration have vanishing Chern classes, it enables one to consider these graded quotients as points in the moduli of χ-stable torsion free sheaves with vanishing Chern classes. Then, assuming now that X has trivial fundamental group, it is proved in Propositions 3.2, 3.3, 3.4 by a noetherianity argument, that not only torsion free sheaves of O X -modules which are infinitely Frobenius divisible, are trivial (so Gieseker's conjecture, proved in [EM10] ), but also χ-semistable ones with vanishing Chern classes which admit a large enough Frobenius divisibility. This leads to the theorem (see Theorem 2.5) Theorem 0.2. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. If a convergent isocrystal E is such that for any n ∈ N, the F n -division E (n) of E admits a lattice, such that its value on X as a coherent O X -module is strongly µ-semistable, then E is trivial.
In particular if F * E is isomorphic to E, the condition on the lattices reduces just to the existence of a good lattice for E. This will be used in the study of Gauß-Manin convergent isocrystals (Theorem 2.14).
In the proof, in order to go up from the triviality of the value on X to the triviality mod p n for all n, we do p-adic deformation in Propositions 3.2, 3.7, Corollary 3.8.
So choosing a lattice of each Frobenius division of an isocrystal, that is a ptorsion free crystal (see Section 1 for the definitions and Section 2 for the existence), their values on X produce a sequence of coherent O X -modules. On the other hand, one proves the existence of a Langton type theorem in Proposition 4.1 to the effect that such lattices exist with the extra property that their restriction to X as a crystal relative to k is µ-semistable. Theorem 0.1, together with its refinements not discussed in the introduction, are then proved using Theorem 0.2, the slope condition on the sheaf of 1-forms forcing the requested stability conditions, see Proposition 4.2.
Finally, using the notion of Fontaine modules as defined in [OV07, Section 4.6], in addition to Theorem 0.2, assuming that the pull back of a smooth proper morphism of relative dimension at most equal to (p −1) over a smooth projective variety X via the absolute Frobenius of X lifts to W 2 , and assuming that the Gauß-Manin convergent isocrystal satisfies base change, one can show that if X has trivial fundamental group, the Gauß-Manin convergent isocrystal is trivial (see Theorem 2.14 for the formulation, and Section 5 for the proof.) Acknowledgement: The first named author thanks Johan de Jong for inviting her in the fall of 2010 to lecture on [EM10] at Columbia University, after which he formulated the conjecture discussed here. She thanks Arthur Ogus for subsequent fruitful discussions which solved the abelian case (see Proposition 2.9 for a precise statement), Yves André for discussions on the moduli points of isocrystals in Simpson's moduli of flat connections on a characteristic 0 lift of X, Adrian Langer for enlightening discussions on [Lan14, Thm. 5.1]. She thanks Takeshi Saito for offering hospitality in summer 2014 at the Graduate School of Mathematical Sciences, the University of Tokyo, where this work was started (see [Shi14] ). The second named author thanks Kirti Joshi for his suggestion to consider the condition µ max (Ω 1 X ) ≤ 0.
Preliminaries
In this section, review some facts on (iso)crystals, convergent isocrystals, and Cartier transform of Ogus-Vologodsky.
Throughout the article, we fix an algebraically closed field k of characteristic p > 0. Let W be the Witt ring of k and K be the fraction field of W . For n ∈ N, put W n := W/p n W . Let σ : k −→ k be the Frobenius map a → a p on k. Let σ W : W −→ W be the automorphism which lifts σ and let σ K : K −→ K be the automorphism induced by σ W . Furthermore, X/k is always a connected smooth variety of finite type over k.
In the sequel, we summarize a few facts on (iso)crystals from [BO78, Sections 5/6/7], [Ber74, III/IV]. Let (X/W ) crys (resp. (X/W n ) crys ) be the crystalline site on X/W (resp. X/W n ). An object is a pair (U ֒→ T, δ), where U ֒→ T is a closed immersion over W n for some n (resp. over W n ) from an open subscheme U of X to a scheme T and δ is a PD-structure on Ker(O T → O U ), compatible with the canonical PD-structure on pW n . Morphisms are the obvious ones. For the definition of coverings, see [BO78, page 5.2].
A sheaf E of O X/W -modules (resp. O X/Wn -modules) on (X/W ) crys (resp. on (X/W n ) crys ) consists of the datum of a sheaf of O T -modules E T in the Zariski topology of T for each object T := (U ֒→ T, δ), and of an O T ′ -linear morphism
A sheaf E of O X/W -modules (resp. of O X/Wn -modules) on (X/W ) crys (resp. on (X/W n ) crys ) is a crystal if the morphisms ϕ * E T → E T ′ are all isomorphisms. A crystal is of finite presentation if its value E T is an O T -module of finite presentation for any (U ֒→ T, δ) ∈ (X/W ) crys . The category of crystals of finite presentation on (X/W ) crys (resp. on (X/W n ) crys ) is denoted by Crys(X/W ) (resp. Crys(X/W n )), as a full subcategory of the category of sheaves of O X/W -modules (resp. of O X/Wnmodules). The structure sheaf O X/W (resp. O X/Wn ) is a crystal. It is known [Ber74, IV Prop. 1.7.6] that Crys(X/W ), Crys(X/W n ) are abelian categories. Furthermore, the categories Crys(X/W ), Crys(X/W n ) satisfy the descent property for Zariski coverings of X, that is, crystals 'glue' in the Zariski topology. This follows from the corresponding statement for the category of sheaves on (X/W ) crys , (X/W n ) crys , which is a consequence of [Ber74, III Prop. 3.1.2] and the fact that u X/S in [Ber74, III Prop. 3.2.3] is a morphism of topoi.
The natural inclusion of sites (X/W n ) crys ֒→ (X/W ) crys induces the restriction functor
Since (X/W ) crys is the 2-inductive limit of the sites (X/W n ) crys [BO78, page 7-22], we have the equivalence
For any object (U ֒→ T, δ) in (X/W ) crys (resp. (X/W n ) crys ), the functor of evaluation at T .) For T = (U ֒→ T, δ) as above and E ∈ Crys(U/W n ), E T is naturally endowed with a quasi-nilpotent integrable connection
T , and we have a natural equivalence of abelian categories
We use the functors (1.3), (1.4) in the following cases. First, for a smooth variety X over k, we have the right exact functors
of evaluation at X := (X id ֒→ X, 0). When n = 1, the functor (1.6) is exact.
Next, let X be a smooth variety over k and assume that we have a lifting of X to a p-adic smooth formal scheme X W over W . As X/k is smooth, there always exists such a lifting locally on affine open subschemes of X. If we put X n := X W ⊗ W W n , the evaluation at X n := (X ֒→ X n , canonical PD-structure on pO Xn ) induces the equivalence
So we have an equivalence of categories
We say that an object (
qn are equivalences, we see by (1.7), (1.8) and Zariski descent that the restriction functors (p-torsion objects in Crys(X/W )) −→ Crys(X/k), (p-torsion objects in Crys(X/W n )) −→ Crys(X/k) are equivalences.
When X is projective over k and we are given a fixed closed k-immersion ι : X ֒→ P Crys(X/W n )
A crystal E ∈ Crys(X/W ) (resp. Crys(X/W n )) is called locally free if, for any object (U ֒→ T, δ) in (X/W ) crys (resp. Crys(X/W n )), E T is locally free of finite rank.
A crystal E ∈ Crys(X/W ) is said to be p-torsion free if the multiplication by p on E is injective.
A crystal E ∈ Crys(X/W n ) is called flat over W n if, for any 1 ≤ i ≤ n − 1, the morphism E/p n−i E −→ E induced by the multiplication by p i is an isomorphism onto its image p i E ⊂ E.
When we have a lifting of X to a smooth p-adic formal scheme X W over W , E ∈ Crys(X/W ) is locally free (resp. p-torsion free) if and only if E X W is locally free (resp. p-torsion free), and E ∈ Crys(X/W n ) is flat over W n if and only if E Xn is flat over W n , where X n := X W ⊗ W W n . Therefore, E ∈ Crys(X/W ) is locally free if and only if its values E X ∈ Coh(X) is locally free, if and only if its restriction to Crys(X/k) is locally free. Also, E ∈ Crys(X/W ) is p-torsion free if and only if E n is flat over W n for each n ∈ N, where (E n ) n ∈ lim ← −n Crys(X/W n ) is the object corresponding to E via (1.2).
When X is projective smooth over k, we say that an object E in Crys(X/k) = MIC(X) qn is µ-semistable as a crystal if E is torsion free as an O X -module and
For a smooth variety X over k, let Crys(X/W ) Q be the Q-linearization of the category Crys(X/W ), which is called the category of isocrystals on (X/W ) crys . This means that the objects of Crys(X/W ) Q are those of Crys(X/W ) and that the morphisms of Crys(X/W ) Q are those of Crys(X/W ) tensor Q. So one has a natural functor Crys(X/W ) Q⊗ − − → Crys(X/W ) Q which is the identity on objects. The image of E by this functor is denoted by Q ⊗ E.
On a smooth variety X over k, the category Enl(X/W ) of enlargements is defined in [Ogu84, Defn. . In the following, we omit to write the functor Φ and regard a convergent isocrystal E on X as an isocrystal on (X/W ) crys via the functor Φ. For the whole theory we also refer to [Ber96b] , [LeS07] .
Next we explain the functoriality of the functors discussed above with respect to the absolute Frobenius morphism F : X −→ X. The morphisms F and σ W induce the pullback functors
which we all denote by F * . The functors (1.1), (1.2), (1.5), (1.6), Φ are compatible with the various Frobenius pullbacks F * .
We give a short review on Cartier descent and the inverse Cartier transform after Ogus-Vologodsky [OV07] .
For (E, ∇) ∈ MIC(X), one defines the p-curvature β :
, which is an F * -linear algebra homomorphism. We say that (E, ∇) has zero pcurvature (resp. has nilpotent p-curvature of length p − 1) if β(S n T X ) = 0 for n ≥ 1 (resp. n ≥ p). We denote the full subcategory of MIC(X) of modules with integrable connection with zero p-curvature (resp. nilpotent p-curvature of length p − 1) by MIC 0 (X) (resp. MIC p−1 (X)). The forgetful functor MIC s (X) → Coh(X), s = 0, p − 1, yields the abelian structure on MIC s (X) with respect to which the functor is exact.
A Higgs module is a pair (H, θ) consisting of a coherent O X -module H and an O X -linear morphism θ : H −→ H ⊗ Ω 1 X satisfying the integrability condition θ ∧ θ = 0. The map θ, called the Higgs field, induces an O X -algebra homomorphism
, denoted by the same symbol θ. We say that (H, θ) has nilpotent Higgs field of length ≤ p − 1 if θ(S n T X ) = 0 for n ≥ p. With the obvious morphisms, we denote the category of Higgs modules with Higgs field zero (resp. nilpotent Higgs field of length ≤ p − 1) by HIG 0 (X) (resp. HIG p−1 (X)). The forgetful functor HIG s (X) → Coh(X), s = 0, p − 1, yields the abelian structure on HIG p−1 (X) with respect to which the functor is exact, and is an equivalence of categories for s = 0.
For a coherent O X -module E, F * E is uniquely endowed with an integrable connection ∇ can with zero p-curvature which is characterized by the condition that F −1 (E) ⊂ F * E is the subsheaf of abelian groups of flat sections. The functor
is an equivalence of categories. This fact is called Cartier descent
It is easy to see by direct calculation that the functor F * : MIC(X) −→ MIC(X) factors through (1.11) and hence it has the form (1.12) F * : MIC(X)
Ogus-Vologodsky generalized the equivalence (1.11) when X admits a smooth lifting X over W 2 . (In [OV07] , they assume the existence of a smooth lifting X ′ of the Frobenius twist X ′ := X ⊗ σ k over W 2 , but this is equivalent to the condition above because k is perfect.) Assuming the existence of X, they generalized the equivalence (1.11) to the equivalence (1.13)
which is called the inverse Cartier transform. (Precisely speaking, the functor C −1
here is the functor C
qn with E torsion free of rank ≤ p is contained in MIC p−1 (X).
When X is projective, we fix a k-embedding ι : X ֒→ P N k of X into a projective space and denote the pullback of O P N k (1) to X by O X (1). For a coherent, torsion free O X -module E, the slope µ(E) = deg(E)/rank(E) and the reduced Hilbert polynomial p E (n) = χ(X, E ⊗ O X O X (n))/rank(E) are defined with respect to O X (1), as well as µ-(Mumford-Takemoto) or χ-(Gieseker-Maruyama) (semi)-stability. As usual, E ∈ Coh(X) is said to be µ-(semi)stable if it is torsion free and µ(E ′ ) < µ(E) (µ(E ′ ) < µ(E)) for any strict subobject 0 = E ′ ⊂ E, and it is said to be strongly µ-semistable if (F n ) * (E) is µ-semistable for all natural numbers n. Similarly for χ-(semi)stability. We say that an object (E, ∇) in
Statement of the main results
We say that E ∈ Crys(X/W ) Q (resp. Conv(X/K)) is trivial when it is isomorphic to a finite sum of the structure isocrystal Q ⊗ O X/W (resp. the structure convergent isocrystal O X/K ). As a p-adic version of Gieseker's conjecture, according to which if a smooth projective variety X over an algebraically closed field k has a triviaĺ etale fundamental group, then crystals in the infinitesimal site, that is O X -coherent D X -modules, are trivial (see [EM10] for a positive answer), Johan de Jong posed the following conjecture in October 2010:
Conjecture 2.1 (de Jong). Let X be a connected smooth projective variety over an algebraically closed field k and assume that theétale fundamental group of X is trivial. Then any isocrystal E ∈ Crys(X/W ) Q is trivial.
By the fully faithful functor Conv(X/K) → Crys(X/W ) Q defined in (1.10), Conjecture 2.1 contains the sub-conjecture Conjecture 2.2. Let X be a connected smooth projective variety over an algebraically closed field k and assume that theétale fundamental group of X is trivial. Then any convergent isocrystal E ∈ Conv(X/K) is trivial.
The aim of this article is to discuss Conjecture 2.2. As explained in the introduction, Conjecture 2.2 is weaker than Conjecture 2.1 but motivated by the same fact: convergent isocrystals, as well as isocrystals, fully recognise theétale fundamental group. We restrict our attention to Conjecture 2.2 rather than Conjecture 2.1 mainly because we shall strongly use Proposition 2.3. Proposition 2.3. Let X be a smooth variety over k. Then the pullback functor
Proof. Since the category of convergent isocrystals on X/K has the descent property for Zariski coverings, we may assume that X is affine, thus X is liftable to a p-adic smooth formal scheme X W over W . In this case, Conv(X/K) is equivalent to the category of
where the notations are as in [Ber96] ) and the functor
is an equivalence by [Ber00, Thm. 4.2.4]. This finishes the proof.
Hence, for any convergent isocrystal E on X/K and for any n ∈ N, there is one and up to isomorphism only one convergent isocrystal
Remark 2.4. Proposition 2.3 does not necessarily extend to Crys(X/W ) Q via (1.10) even when X is proper and smooth, as is shown in Proposition 2.12 below.
Given E in Conv(X/K) or Crys(X/W ) Q , a crystal E ∈ Crys(X/W ) is called a lattice of E if it is p-torsion free and E = Q ⊗ E in Crys(X/W ) Q . Out of any choice E ∈ Crys(X/W ) with E = Q ⊗ E in Crys(X/W ) Q , one constructs a lattice as follows. The surjective morphisms E/Ker(p n+1 ) → E/Ker(p n ) in Crys(X/W ) become isomorphisms for n large. Indeed, as X is of finite type, it is enough to show it on an affine X, for which one applies (1.8). Then E/Ker(p n ) for n large is a lattice of E. Clearly, there are then many lattices of the same E.
We now formulate the first main result, proved in Section 3 (compare with [Shi14, Thm. 1.7, Cor. 1.10]).
Theorem 2.5. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. If E ∈ Conv(X/K) is such that for any n ∈ N, the
Remark 2.6. Theorem 2.5 applies in particular when F * E is isomorphic to E and E admits a lattice E such that E X ∈ Coh(X) is strongly µ-semistable. We shall apply this case in the proof of Theorem 2.14 below.
A non-zero E ∈ Conv(X/K) is called irreducible if it is in its category (recall it is abelian), i.e. if it does not admit any non-zero strict subobject. In general, every object admits a Jordan-Hölder filtration. Its irreducible subquotients are called irreducible constituents. Using Theorem 2.5, we shall prove the following theorem in Section 4.
Theorem 2.7. Let X be a connected smooth projective variety over k with trivialétale fundamental group. If E ∈ Conv(X/K) satisfies either of the following conditions:
(1) any irreducible constituent of E is of rank 1;
(2) µ max (Ω 1 X ) < 2 and any irreducible constituent of E is of rank ≤ 2; (3) µ max (Ω 1 X ) < 1 and any irreducible constituent of E is of rank ≤ 3;
and any irreducible constituent of E is of rank ≤ r,
where N(r) := max a,b≥1,a+b≤r lcm(a, b).
then E is trivial.
Corollary 2.8. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Then
(1) any E ∈ Conv(X/K) of rank 1 is trivial;
When p ≥ 3, there is a purely cohomological proof of Corollary 2.8 (1). The following proposition is due to the first named author and Ogus.
Proposition 2.9. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Then for p ≥ 3
(1) any locally free E ∈ Crys(X/W ) of rank 1 is trivial; One has the exact sequences on (X/W ) Ncrys ,
defining J and K. The p-adic logarithm log : K → J and exponential exp : J → K functions are well defined and are isomorphisms on (X/W ) Ncrys . Hence, from the exact sequences (2.1), (2.2), we obtain on (X/W ) Ncrys the exact sequences (2.3)
Ncrys (X/W, J), and Proposition 2.10. Let X be a smooth variety over k. Then any isocrystal on X which is filtered such that the associated graded isocrystal is a sum of rank 1 isocrystals admits a locally free lattice.
Proof. We start with the rank 1 case. The idea of the proof is simple. Locally it uses the equivalence (1.8) and the fact that the reflexive hull of a rank 1 coherent sheaf on a regular scheme is locally free.
So assume first X W = Spf(A), where A is p-adically complete and X = Spec(A/p). Let E be a lattice of a rank 1 isocrystal E. Via (1.8), writing M = Γ(X W , E), E ∈ Crys(X/W ) is given by an integrable quasi-nilpotent connection (2.6)
As M is p-torsion free and
Then, as A is regular, N is a projective A-module of rank 1 and, asΩ 1 A is a projective A-module, projection formula implies that (2.6) induces an integrable connection (2.7)
which is quasi-nilpotent, as this condition is local on sections of M. The connection (2.7) can be seen as a connection on X W = Spf (A), and so it defines a locally free lattice E in Crys(X/W ) of E. Then we can glue the locally defined lattices of E by Lemma 2.11 below, by replacing the lattices E by p n E for suitable n's. This finishes the proof of the rank 1 case.
− → E ′′ → 0 be an exact sequence in Crys(X/W ) Q , with E = 0, E ′′ = 0, both E", E ′′ satisfying the assumptions of the proposition. Let E be a lattice of E.
) is a lattice of E ′ , and b(E) is a lattice of E ′′ . By induction on the rank of E, there are locally free lattices E ′ of E ′ and E ′′ of E ′′ , which we can rescale by multiplication with p-powers such that they are injective maps
So the pull-back of ǫ by i, and from it the push-down by j is an extension 0
Moreover, A is locally free. This finishes the proof.
Lemma 2.11. Let X be a connected smooth variety over k and let E, E ′ be rank 1 locally free crystals on (X/W ) crys endowed with an isomorphism ϕ :
Hence ϕ induces an invertible morphism p n E −→ E ′ , thus an isomorphism.
We shall reprove in Theorem 4.4 by a different method a weaker version of Proposition 2.10, together with statements in the higher rank case.
We provide an example for which F * is not surjective on Crys(X/W ) Q , which we promised in Remark 2.4.
Proposition 2.12. Assume p ≥ 3 and let X be a supersingular elliptic curve. Then the pullback functor
is not essentially surjective.
Proof. Let X W be a formal lift of X over Spf W and let ω be a generator of
defines a module with integrable connection on X W over W and one can check that it is quasi-nilpotent. Hence it defines a non-trivial locally free crystal of rank 1 on (X/W ) crys , which we denote by E. We prove
Proof. By Lemma 2.11, when E ′ is a locally free crystal of rank 1 on (X/W ) crys such that Q ⊗ E ∼ = Q ⊗ E ′ , then E and E ′ are isomorphic crystals. So, if E is infinitely F * -divisible in Crys(X/W ) Q , then so in Crys(X/W ). Hence it suffices to prove that E is not infinitely F * -divisible in Crys(X/W ). By the restriction functor from Crys(X/W ) to the category of crystals on (X/W ) Ncrys , it is enough to show that E on (X/W ) Ncrys is not infinitely F * -divisible.
As the slopes of F * on H 1 crys (X/W, O X/W ) are strictly positive, this is impossible.
Using Theorem 2.5, we we shall prove in Section 5 the following result on the triviality of certain Gauß-Manin convergent isocrystals. Recall that for any smooth proper morphism f : Y → X, Ogus defines in [Ogu84, Thm. 3 .7] the Gauß-Manin
Theorem 2.14. Let X be a smooth projective variety over k with trivialétale fundamental group. We assume that X/k is liftable to a projective smooth scheme X over W 2 . Let f : Y −→ X be a smooth proper morphism of relative dimension ≤ p − 1 such that the pullback f For a field L containing W , we denote the base change
.10], to prove the triviality of E, it suffices to prove the triviality of R i f K,dR * O Y K as a module with an integrable connection. To prove this, we may assume that K ⊆ C and it suffices to prove the triviality of
This is reduced to showing the triviality of
is the analytification of f C . On the other hand, for a prime ℓ = p, R i f W, * Q ℓ is a smooth Q ℓ -sheaf on X W , which is trivial by Grothendieck's base change theorem on theétale fundamental group {1} = πé 
Proof of Theorem 2.5
In this section, we prove Theorem 2.5, so throughout, X is a smooth projective variety of dimension d over an algebraically closed field of characteristic p > 0.
A coherent O X -module E has crystalline Chern classes c Proposition 3.1. Let X be a smooth projective variety over k, let E be a convergent isocrystal on X/K and let E ∈ Crys(X/W ) be a lattice of E. Then c crys i (E X ) = 0 for any i > 0, and, if E X is torsion free,
Proof. For n ∈ N, let E (n) be the F n -division of E and let E (n) ∈ Crys(X/W ) be a lattice of E (n) . As X is smooth, there exists locally a formal lift X W of X and a local lift of F on X W , which is faithfully flat. Thus the equivalence (1.8)
X . Hence, if we prove c crys i
X ) in this situation, we have c
X ) for all n ≥ 1, thus c crys i
(E X ) = 0 in the finite type W -module H 2i crys (X/W ), as claimed. Therefore, it suffices to prove that c crys i (E X ) does not depend on the choice of the lattice E.
So let E ′ be another lattice of E. Then, replacing E ′ by p a E ′ for some a ∈ N, one has p n E ⊆ E ′ ⊆ E for some n ∈ N, where p n E is the image of p n : E −→ E, and it suffices to treat this case. For 0 ≤ i ≤ n, let E ′ i be the image of the map E ′ ⊕ p i E −→ E defined as the sum of inclusions. Then we have
So to prove the equality c crys i
(E ′ ), we may assume that pE ⊆ E ′ ⊆ E. If we denote Q := Coker(E ′ → E), we have the following commutative diagram with exact horizontal lines in Crys(X/W ):
By the snake lemma, we obtain the exact sequence
in Crys(X/W ). Since all the objects in the above sequence are p-torsion, we can regard it as an exact sequence in Crys(X/k). By evaluating this sequence at X and noting the equalities (E/pE
, we obtain the exact sequence
The following proposition, which uses Gieseker's conjecture, proven in [EM10] , is the key step for the proof.
Proposition 3.2. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Let r be a positive integer. Then there exists a positive integer a = a(X, r) satisfying the following condition: For any sequence of χ-stable
, E a is necessarily of rank 1 and isomorphic to O X .
Proof. By standard base change argument, we may assume that k is uncountable. For 1 ≤ s ≤ r, let M s be the moduli of χ-stable sheaves on X with rank s and reduced Hilbert polynomial p O X , which is constructed by Langer ([Lan04] , [Lan04b] ). It is a quasi-projective scheme over k. Also, let M s,n be the locus of closed points consisting of χ-stable sheaves G such that (F * ) n G remains χ-stable. It is known to be an open subvariety of M s endowed with the reduced structure. (See discussion in the beginning of [EM10, §3] .) The pullback by F induces the morphism V (over σ) called Verschiebung
Let ImV n be the image of V n : M s,n −→ M s , which is a constructible set of the topological space M s . Then, dim ImV n is stable for n ≫ 0, which we denote by f . Assume f > 0. Then the generic point of some irreducible closed subscheme of dimension f remains contained in ImV n (n ∈ N). Pick such an irreducible closed subscheme and denote it by C. Then C ∩ ImV n is non-empty for any n ∈ N and it contains an open subscheme of C. So there exists a closed subscheme
, and C \ ( n D n ) contains at least two k-rational points P, P ′ , because k is uncountable. On the other hand, the k-rational points of n ImV n are moduli points of infinitely F -divisible torsion free sheaves, thus they are locally free infinitely F -divisible sheaves. By Gieseker's conjecture [EM10, Thm. 1.1], n ImV n is either empty or consists only of the moduli point of O X . Since P, P ′ are different krational points of n ImV n , this is a contradiction. So ImV n consists of a finite set of points (possibly empty) for some n. Then, since n ImV n is empty (if s ≥ 2) or consists of one point corresponding to O X (if s = 1), it is equal to ImV a(s) for some a(s) ∈ N. Let us define a to be the maximum of natural numbers a(s) (s ≤ r). Then, if we are given a sequence {E i } a i=0 as in the statement of the proposition with s := rankE 0 ≤ r, E a defines a k-rational point of ImV a(s) ⊆ M s . Then s should be equal to 1 and E a should be isomorphic to O X .
We also use the following proposition. on X with rank E 0 = r, F 
, such that the absolute Frobenius F * acts nilpotently on H 1 (X, O X ) nilp and as a bijection on H 1 (X, O X ) ss . Moreover, one has
and there exists some b ∈ N such that (F * ) b acts by 0 on
We prove the proposition for this choice of b.
By assumption on E 0 , there exists a filtration 0 = E 0,0 ⊂ E 0,1 ⊂ · · · ⊂ E 0,r = E 0 the graded quotients of which are isomorphic to O X . By pulling back to E i via (F * ) i , we obtain the filtration
of E i still with graded quotients isomorphic to O X . We prove that
Then, for b(l − 1) ≤ n ≤ bl, consider the extension class e n of the exact sequence
The family of classes {e n } bℓ n=b(ℓ−1) defines an element of the inverse limit of the diagram
of length b with last component e bℓ . Then, by definition of b, e bℓ = 0. So E bℓ,ℓ+1 is isomorphic to O ℓ+1 X . This finishes the proof. We use Propositions 3.2 and 3.3 to proceed towards the proof of Theorem 2.5.
Proposition 3.4. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Let r be a positive integer. Let E ∈ Conv(X/K) be of rank r and let E be a lattice of E such that E X ∈ Coh(X) is strongly µ-semistable. Then, there exists a positive integer c = c(X, r) such that ((
The following result of Langer [Lan11, Theorem 4.1] plays a crucial rôle in the proof of Proposition 3.4.
Theorem 3.5 (Langer). Let X be a smooth projective variety over k, let E be a strongly µ-semistable sheaf with vanishing Chern classes. Then there exists a filtration of E whose graded quotients are µ-stable, strongly µ-semistable locally free sheaves with vanishing Chern classes.
Proof of Proposition 3.4. Take a = a(X, r), b = b(X) ∈ N so that the statement of Propsitions 3.2, 3.3 are satisfied, and set c := br(r − 1) + ar + 1. We prove that the proposition is true for this choice of c.
First, note that (F * ) n E X = ((F * ) n E) X for any n ∈ N. Hence (F * ) n E X has vanishing Chern classes by Proposition 3.1, and is strongly µ-semistable by assumption, for all n ≥ 0.
For 0 ≤ n ≤ c − 1 = br(r − 1) + ar, define a filtration {((F * ) n E X ) q } qn q=0 of (F * ) n E X whose graded quotients are µ-stable, strongly µ-semistable with vanishing Chern classes, in the following way. First, when n = 0, take a filtration
of E X whose graded quotients are µ-stable, strongly µ-semistable with vanishing Chern classes. (Such a filtration exists by Theorem 3.5 because E X has vanishing Chern classes by Proposition 3.1 and strongly µ-semistable by assumption.) When we defined {((
q=0 of it by F * defines a filtration of (F * ) n E X whose graded quotients are strongly µ-semistable with vanishing Chern classes. Then, using Theorem 3.5 for the graded quotients, we can refine this filtration to a filtration {((F * ) n E X ) q } qn q=0 of (F * ) n E X whose graded pieces are µ-stable, strongly µ-semistable with vanishing Chern classes.
By definition, we have
So, there exists some j with 0 . Then, we can apply Proposition 3.3 to the se-
Therefore, ((F * ) c−1 E) X has the form (O r X , ∇) when regarded as an object in MIC(X) qn via the equivalence (1.7). Then, by (1.12), one has
Proposition 3.4 deals with the value of a lattice of an isocrystal in Crys(X/k). To go up to Crys(X/W n ), we consider the deformation theory of crystals.
Let X be a smooth projective variety over k and fix n, r ∈ N. Let us denote the restriction functor Crys(X/W n+1 ) −→ Crys(X/W n ) by G → G. Let D be the set of pairs (G, ϕ) consisting of G ∈ Crys(X/W n+1 ) and an isomorphism ϕ : O r X/Wn ≃ −→ G in Crys(X/W n ). Then D is a pointed set, whose distinguished element is (O X/W n+1 , id). The pullback (G, ϕ) → (F * G, F * ϕ) by F * defines a morphism of pointed sets F * : D −→ D. We denote by H n crys (X/k) the crystalline cohomology, which is the same as the de Rham cohomology H n (X, Ω
• X/k ).
Proposition 3.6. Let the notations be as above. Then there is an isomorphism of pointed sets e :
Moreover, the following diagram is commutative:
Proof. For ℓ = n, n + 1, let D ℓ be the PD-envelope of the closed immersion X
qn of (1.9), we consider the pointed set D in terms of objects in MIC(D ℓ )
qn . Namely, we denote the restriction MIC(
qn by (G, ∇) → (G, ∇) and we regard D as the set of pairs ((G, ∇), ϕ) consisting of (G, ∇) ∈ MIC(D n+1 )
qn and an isomorphism ϕ :
Take an affine open covering U = {U α } α of D n+1 and for each α, take an isomorphism
Then, dA α = 0 by the integrability of the connection ψ α * (∇) and B βγ − B αγ + B αβ = 0 by the cocycle condition for the maps (ψ α | U αβ ) −1 • (ψ β | U αβ ). Also, by the compatibility of the connection with the gluing, we have the equality
We see from this the equality
We define e(G) to be the class of this 1-cocycle in the cohomology
In order to show that this is well-defined, we need to check that e(G) is independent of the choice of the affine open covering U = {U α } α and the isomorphisms {ψ α } α . If we choose another set of isomorphisms {ψ ′ α } α , we have another set of matrices ({A r 2 , and it is easily seen that this is a map of pointed sets. One can prove the bijectivity of e by considering the above argument in reverse direction.
Finally, we prove the commuativity of the diagram (3.2). Let
-linear map which sends the coordinates to their p-th powers. Then, there exists a unique PD-morphism F D n+1 : D n+1 −→ D n+1 which makes the following diagram commutative:
. From this, we see the desired commutativity.
Proposition 3.7. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Let E ∈ Conv(X/K). Let E be a lattice of E such that the restriction E X ∈ Crys(X/k) is trivial. Then there exists a positive integer d = d(X) such that, for any n ∈ N, the restriction ((
Proof. We have the decomposition Assume that ((
, and so ((F * ) c+dn E) n+1 is trivial again by Proposition 3.6. This finishes the proof.
Combining Propositions 3.4 and 3.7, we obtain the following:
Corollary 3.8. Let X be a connected smooth projective variety over k with triviaĺ etale fundamental group. Let r be a positive integer. Let E ∈ Conv(X/K) of rank r and let E be a lattice of E such that E X ∈ Coh(X) is strongly µ-semistable. Let c = c(X, r) and d = d(X) be as in Proposition 3.4 and Proposition 3.7. Then, for any n ∈ N, the restriction ((F * ) c+d(n−1) E) n of (F * ) c+d(n−1) E ∈ Crys(X/W ) to Crys(X/W n ) is trivial. Now we can finish the proof of Theorem 2.5:
Proof of Theorem 2.5. Let r be the rank of E and let c = c(X, r), d = d(X) be as in Proposition 3.4, Proposition 3.7 for X and r. Apply Corollary 3.8 to E (c+d(n−1)) and its lattice E (c+d(n−1)) for each n ≥ 1. Then we see that the restriction of
n , is trivial. Note that, for any n ≥ 1, this is a lattice of (F * ) c+d(n−1) E (c+d(n−1)) = E.
We put E := G (1) so that it is a lattice of E with E 1 ∈ Crys(X/k) trivial. We may assume by replacing
We further fix a natural number m ≥ 1. Then, for any n ≥ m, the image of the composite map
is not zero: Otherwise, as G (n)
n is trivial, it would be contained in p m E ⊂ pE, which is a contradiction. So, for n ≥ m, the map
is non-zero. Hence
is a decreasing family of non-zero W m -submodules of the finite type W m -module H 0 crys (X/W m , E m ). So, W m being an Artinian ring, the family is stationary, thus non-zero, and
Thus the system {H 0 crys (X/W n , E n )} n satisfies the Mittag-Leffler condition and
As E is p-torsion free, H 0 crys (X/W, E) is a free module of rank s over W , for some 1 ≤ s ≤ r. If s < r, then the quotient Q := E/ H 0 crys (X/W, E) ⊗ W O X/W ∈ Crys(X/W ) is nonzero. The p-torsion of Q is identified with the kernel of the homomorphism
in Crys(X/k), which is zero. Thus Q ∈ Crys(X/W ) is p-torsion free. By multiplying the composite map G (n) ֒→ E ։ Q with a suitable p-power, we obtain a map G (n) → Q whose image is not contained in pQ. Then the diagram (3.3) with E n replaced by Q n shows that H In this section, we prove Theorem 2.7. The following proposition, which is a crystalline version of Langton's theorem [Lan75] , is a key step for the proof:
Proposition 4.1. Let X be a smooth projective variety over k and let E ∈ Crys(X/W ) Q be irreducible. Then there exists E ∈ Crys(X/W ) with E = Q ⊗ E such that E X ∈ Crys(X/k) = MIC(X) qn is µ-semistable. (A) There exists E ∈ Crys(X/W ) with E = Q ⊗ E such that E X ∈ Coh(X) is torsion free.
(B) There exists E ∈ Crys(X/W ) with E = Q ⊗ E such that E X ∈ Crys(X/k) = MIC(X) qn is µ-semistable.
To prove the proposition, we first prove the claim (A) and then prove the claim (B). However, since the proof of (A) and that of (B) are parallel, we will describe them simultaneously in the following. First take a p-torsion free crystal E ∈ Crys(X/W ) with E = Q ⊗ E in the case (A), and take a p-torsion free crystal E ∈ Crys(X/W ) with E = Q ⊗ E and E X torsion free in the case (B). (This is possible because, when we prove (B), we can assume the claim (A).) Put E 0 := E. If E 0 does not satisfy the conclusion of the claim, let B 0 be the maximal torsion O X -submodule of E 0 X in the case (A) and the maximal destabilizing subobject of E 0 X in the category Crys(X/k) in the case (B). In the case (A), one can check (by looking at E 0 X as an object (E 0 X , ∇) in MIC(X) and noting the fact that f e = 0 (e ∈ E 0 X , f ∈ O X ) implies f 2 ∇(e) = 0) that B 0 is actually an object in Crys(X/k). Let E 1 be the kernel of
1 satisfies the conclusion of the claim, we are done. Otherwise, let B 1 be the maximal torsion O X -submodule (actually an object in Crys(X/k)) of E 1 X in the case (A) and the maximal destabilizing subobject of E 1 X in the category Crys(X/k) in the case (B). If the claim is not true, we obtain a sequence
Note that in the case (A), the rank of G n is the same as the rank of E n X , which is the same as the rank of E. In addition, as B n ⊂ E n X is the maximal torsion submodule, G n is torsion free in Coh(X). In the case (B), G n is nonzero by definition of B n , and torsion free by the maximality of B n . By definition, one has exact sequences 0
→ E n+1 /pE n → 0, both in Crys(X/W ). As pE n /pE n+1 ∼ = G n and E n+1 /pE n = B n in Crys(X/W ), this yields the exact sequences
in Crys(X/k). From these, we see that the slope µ(E n X ) of E n X is constant and so equal to µ(E X ) in the case (B).
Let C n be the kernel of the composite B n+1 → E n+1 X → B n . It is nothing but B n+1 ∩ G n , and this is zero in the case (A) because B n+1 is torsion while G n is torsion free. In the case (B), if
is non-increasing, and strictly decreasing when C n = 0. But the latter case can happen only finitely many times, because µ(B n ) should be contained in
Z (where r is the rank of E) and > µ(E 1 ). Therefore, C n = 0 for n ≫ 0 in the case (B). So we may assume that C n = 0, namely, B n+1 ∩ G n = 0. This implies that we have the inclusions
We may assume also that the rank of G n is constant and that µ(B n ) (n ∈ N), µ(G n ) (n ∈ N) are constant in the case (B). Note also that G n = G n+1 if and only if B n = B n+1 . Next we prove that G n is constant for n ≫ 0. In the case (A), the support of B n is non-increasing and so it is constant for n ≫ 0. So, for n ≫ 0, B n = B n+1 outside some codimension 2 closed subscheme of X. Indeed, if the support of the B n for n large is in codimension ≥ 2, there is nothing to prove, else it is a divisor, and B n on each generic point of the divisor is eventually constant. So G n = G n+1 outside a codimension 2 closed subscheme. Hence the double dual of G n is constant and, as G n is torsion free, contains all the G n . So the right tower in (4.2) is stationary and then G n is constant for n ≫ 0. In the case (B), the constancy of the rank and the slope and the torsion freeness of G n imply the equality G n = G n+1 . So we may assume that B n , G n are constant. So we write it by B, G, respectively. Then the exact sequences (4.1) split, and so E n X = B ⊕ G. Now define Q n := E/E n . Then Q has a natural filtration whose graded quotients are E i /E i+1 ∼ = G. This implies that Q n is nonzero and when regarded as an object in Crys(X/W n ), it is flat over W n . So Q = (Q n ) n ∈ Crys(X/W ) is a nonzero p-torsion free crystal. Also, we have the canonical surjection E −→ Q, hence the surjection E −→ Q ⊗ Q. In the case (A), if it is not an isomorphism, this contradicts the irreducibility of E. If it is an isomorphism, Q gives the lattice such that Q X = Q 1 = G is torsion free. In the case (B), since B is non-zero and torsion free, E −→ Q ⊗ Q is not an isomorphism, and this contradicts the irreducibility of E. This finishes the proof.
Proposition 4.2. Let X be a smooth projective variety over k and let G ∈ Crys(X/k) be of rank r and µ-semistable. Assume moreover one of the following conditions:
(1) r = 1.
, where N(r) := max a,b≥1,a+b≤r lcm(a, b).
Then G is strongly µ-semistable in Coh(X).
Proof. In the case (1), the only point of the assertion is that the Frobenius pull backs of G remain torsion free, which is trivial because torsion freeness of O Xmodules is preserved by F * as X is smooth so F * is faithfully flat. So we will prove the proposition in the cases (2), (3) or (4). The proof is a variant of that in [MR83, Thm. 2.1].
First we prove the claim that any µ-semistable sheaf H of rank r is strongly µ-semistable in Coh(X) under one of the following conditions:
. In this case, we prove it by induction on r.
For this, it suffices to prove that F * H is µ-semistable in Coh(X 
H) and this contradicts the µ-semistability of H. So it suffices to prove the equality ∇ can = 0. To prove it, we may replace H ′′ by its graded quotients with respect to Harder-Narasimhan filtration. So we may assume that H ′ , H ′′ are µ-semistable and µ(H ′ ) > µ(H ′′ ). Also, it suffices to prove that the map
(where T X denotes the tangent sheaf on X) induced by ∇ can is equal to zero. Since T X is locally free and Hom(H ′ , H ′′ ) is torsion free as H ′′ is, it suffices to prove f = 0 outside some codimension 2 closed subscheme of X. Until the end of the proof of the claim, we will consider sheaves and morphisms of sheaves up to some codimension 2 subscheme in X. Then Hom(
, which is ≤ −2 in the case (a) and ≤ −1 in the case (b) (we use the assumption µ(H) = 0 here). Hence −µ( 
So we see that f = 0 also in this case. Now we prove the proposition. In the proof, we regard G as an object in MIC(X) qn and so we denote it by (G, ∇). By the argument above, it suffices to prove that G is µ-semistable as sheaf. Assume the contrary and let H ′ ⊂ G be the maximal destablizing subsheaf of G. Let
It suffices to prove that ∇ = 0: Indeed, if this is the case, (H, ∇| H ) defines a destabilizing subobject of (G, ∇), which is a contradiction.
We prove that ∇ = 0 in a similar way to the proof of ∇ can = 0 above. We replace H ′′ by its graded quotients with respect to Harder-Narasimhan filtration so that H ′ , H ′′ are µ-semistable and µ(H ′ ) > µ(H ′′ ), and we prove that the map
induced by ∇ is equal to zero outside some codimension 2 closed subscheme of X. Working again up to some codimension 2 subscheme in X, we have Hom(
, which is ≤ −2 in the case (1) and ≤ −1 in the case (2) (we use the assumption µ(G) = 0 here). In the case (3), H ′ , H ′′ are strongly µ-semistable by the claim we proved above. Then, H ′ ∨ ⊗ H ′′ is µ-semistable of slope −µ(H ′ ) + µ(H ′′ ) ≤ −1 lcm(rankH ′ , rankH ′′ ) ≤ − 1 N(r) < −µ max (Ω 1 X ) = µ min (T X ). So we see that f = 0 also in this case.
Now we give a proof of Theorem 2.7:
Proof of Theorem 2.7. First assume that E is irreducible. In this case, any F ndivision E (n) of E is also irreducible. Then, by Propositions 3.1, 4.1 and 4.2, each E (n) admits a lattice E (n) such that E (n)
X is strongly µ-semistable as O X -module. So, by Theorem 2.5, we see that E is trivial.
In general case, E has a filtration whose graded quotients are irreducible. So, by the previous case, E can be written as an iterated extension of trivial convergent isocrystal. Since we have H 1 conv (X/K, O X/K ) = Q ⊗ H 1 crys (X/W, O X/W ) = 0, where the second equality is proven in Proposition 2.9 (2), this finishes the proof.
We give another application of Proposition 4.1. It seems that the following question is frequently asked among experts: Question 4.3. Let X be a smooth variety of finite type over k and let E ∈ Conv(X/K). Does there exist a locally free E ∈ Crys(X/W ) with E = Q ⊗ E?
We give the following partial answer to this question, using Proposition 4.1: Theorem 4.4. Let X be a smooth projective variety over k, let E ∈ Conv(X/K). Assume one of the following (1) The rank of irreducible constituents of E are 1.
(2) µ max (Ω 1 X ) < 2 and the rank of irreducible constituents of E are ≤ 2. (3) µ max (Ω 1 X ) < 1 and the rank of irreducible constituents of E are ≤ 3. (5) X lifts to a smooth scheme X over W 2 and the rank of irreducible constituents of E are ≤ p.
Then there exists E ∈ Crys(X/W ) locally free with E = Q ⊗ E.
The case (1) reproves a weaker version of Proposition 2.10. Also, when µ max (Ω 1 X ) ≤ 0, any convergent isocrystal E on X admits a locally free crystal E on (X/W ) crys with E = Q ⊗ E.
Proof. First we prove the theorem in the cases (1), (2), (3) or (4) by induction on the rank of E. When E is irreducible, there exists a lattice E of E such that E X ∈ Coh(X) is strongly µ-semistable, by Propositions 3.1, 4.1 and 4.2. This, together with Proposition 3.1, Theorem 3.5 implies that E X is locally free. Hence E is also locally free. When E is not irreducible, we have an irreducible convergent subisocrystal E ′ E. Put E ′′ := E/E ′ . Then, by induction hypothesis, there exist locally free lattices E ′ , E ′′ of E ′ , E ′′ , respectively. Then H 1 conv (X/K, E ′′ ∨ ⊗ E ′ ) = Q ⊗ H 1 crys (X/W, E ′′ ∨ ⊗ E ′ ), and from this we see that there exists an extension E of E ′ by E ′′ in Crys(X/W ) with E ∼ = Q ⊗ E. This E is locally free by construction, and so the theorem is true for E.
Next we prove the theorem in the case (5). By the argument in the previous paragraph, we may assume that E is irreducible. Using Proposition 4.1, we take a lattice E of E such that the restriction (E X , ∇) of E to Crys(X/k) = MIC(X) qn is µ-semistable. By assumption, rank E X ≤ p. Hence (E X , ∇) is contained in MIC p−1 (X). So, by [OV07] , there exists a Higgs module (H, θ) on X such that C −1 (H, θ) = (E X , ∇), where C −1 is the inverse Cartier transform. By Proposition 3.1, E X has vanishing Chern classes. From this and the µ-semistability of (E X , ∇), we see that (H, θ) is µ-semistable Higgs module with vanishing Chern classes. Then, by [Lan13, Thm. 11], H is locally free. Hence so is E X , and then E is locally free.
Proof of Theorem 2.14
In this section, we give a proof of Theorem 2.14. The key notion for the proof is that of Fontaine module introduced in [OV07, Section 4.6]:
Definition 5.1. Let X be a smooth variety over k and assume given a lift X of X to a smooth scheme over W 2 . Then a Fontaine module on (X, X) is a tuple (G, ∇, Fil, φ) , where (G, ∇) ∈ MIC p−1 (X), Fil := {Fil i G} i∈Z is a finite decreasing filtration on G with Griffiths transversality ∇(Fil i G) ⊆ Fil i−1 ⊗ Ω 1 X (i ∈ Z), and φ is the isomorphism φ : C −1 (gr(G, ∇)) ≃ −→ (G, ∇) (where C −1 is the inverse Cartier transform) and gr(G, ∇) is the Higgs module (H, θ) defined by
It is called a one-periodic Higgs-de Rham flow in Lan-Sheng-Zuo's article [LSZ13] . Here we list basic properties:
Proposition 5.2. Assume that X is smooth projective over k endowed with a smooth lift X over W 2 .
(1) Let (G, ∇, Fil, φ) be a Fontaine module on (X, X) and let (H, θ) := gr(G, ∇).
Then G, H are locally free. (G, ∇) is a µ-semistable module with integrable connection of slope 0 and (H, θ) is a µ-semistable Higgs module of slope 0.
(2) Let Y −→ X be a smooth proper morphism of relative dimension ≤ p−1 which is liftable to a smooth proper morphism Y −→ X. Then the Gauß-Manin connection endowed with Hodge filtration (R i f dR * O Y , ∇ GM , Fil) can be completed into a Fontaine module (R i f dR * O Y , ∇ GM , Fil, φ) for some φ. 
